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Abstract—Ultrasonic motors often use a combination of 
vibration modes to create the elliptical vibration field desired 
for motion. The efficiency of multi-mode motors is maximised 
when the various modes are complementary to each other. 
However, design optimisation is not straightforward, as 
multiple mode coupling can lead to catastrophic failure of the 
intended mechanism. This paper presents a method for the 
theoretical optimisation of ultrasonic motors that employ a 
radial and a bending mode. The method is based on a finite 
element approach to estimate the radial mode frequency that is 
best matched to a bending mode frequency derived from an 
analytical formula. The proposed method overcomes the 
dimensional limitations of formulae currently available for the 
calculation of radial frequencies of piezoceramic rings. This 
approach has been applied to motor designs of different 
materials and dimensions, and has been shown to provide a 
useful tool for decreasing the amount of speculation and 
maximising the efficiency of multi-mode motor designs. 
 
I. INTRODUCTION 
A new class of motors using ultrasonic energy are gaining 
widespread attention in an industry that has been dominated 
by electromagnetic motors for the past century. Since their 
relative beginnings, piezoelectric ultrasonic motors have 
progressed enormously with the advance of smart structures 
and active materials. Piezoelectric ultrasonic motors offer 
certain advantages over their electromagnetic counterparts, 
namely low inertia, low speed, and high torque operation 
without the need for gearboxes. Moreover, high power-to-
weight ratios and high efficiency responses from compact and 
light weight ultrasonic motors are very promising for use as 
micromanipulators in medical engineering, non-destructive 
testing and other precision engineering applications.  
     
The current difficulties in optimising the performance of 
ultrasonic motors are associated with a lack of general design 
rules and the technical problems associated with the required 
tolerances in construction and in bonding the piezoelectric 
materials to a stator structure. After investigation of the 
available literature, a multi-mode ultrasonic motor design [1] 
was chosen on account of the  simple configuration, minimal 
number of components and resulting uncomplicated single-
phase drive system.  
 
This paper describes the theoretical optimisation of a 
particular ultrasonic motor configuration, based on a finite 
element analysis method. Optimisation began on a larger-scale 
than the one used in [1] in order to enable quick fabrication of 
experimental prototypes and validation of their performance 
versus the prediction from theoretical modelling. The design 
process was, nevertheless, undertaken with a view towards 
future applications in micro-miniature non-destructive 
scanning devices.  
 
II. BACKGROUND AND THEORY 
Ultrasonic motors are generally composed of three parts; a 
stator, rotor, and a voltage supply. The critical component of 
the chosen motor configuration is the multi-functioning stator 
structure. The stator is composed of a metal ring with four 
inward pointed arms bonded to a piezoelectric ceramic ring 
(Fig. 1).  
 
The intricate metal structure is chemically etched and then 
bonded, on the outer circumference only, to the uniformly 
poled piezoceramic ring. The four inward pointing arms 
remain free; as a consequence their behaviour is equivalent to 
a fixed cantilever beam. A suitable rotor for this motor would 
be a steel shaft with a chamfered bottom portion shaped to rest 
in the centre of the arms’ inner radii.  
 
In general, multi-mode motors require the excitation of two 
different structural modes of vibration, which combine to 
produce an elliptical effect at the contact surface between the 
 
 
 
Fig. 1. Image of the stator structure obtained from the PzFlex finite element 
modelling software. 
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stator and rotor. Vibrations are generated in the ceramic by a 
voltage supply. At the resonance frequency, the stator of this 
particular design expands outwards and the brass arms vibrate 
with an upward motion. When the ceramic begins to contract, 
the combined displacement occurring at the tips of the arms is 
downward and inward thus clamping the rotor shaft and 
driving it with a tangential force. The force in the radial 
direction is transferred into a tangential direction on the rotor 
shaft via a mechanism analogous to a ratchet or a slider crank 
mechanism, assuming the inward arms and rotor are rigid.  
 
Efficiency is maximised when the radial mode frequency of 
the piezoelectric ceramic is near equivalent to the first bending 
mode frequency of the metal arms. By equating the potential 
and kinetic energy equations for a fixed cantilever or 
“clamped free” beam and after some calculations, the bending 
frequency ω can be derived from the following equation: 
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where l is the length of the stator’s metal arm, tm is the 
thickness of the metal, E is the Young’s modulus of the metal 
and ρ is the density of the metal arms in kg/m3 [2].  
 
Equation (1) provides a practical estimation of the bending 
mode behaviour of the metal arms. However, the radial 
frequency behaviour of the piezoelectric ceramic ring is also a 
critical feature in the optimisation of this multi-mode 
ultrasonic motor. Two formulae currently available for 
describing the radial mode frequency fr of rings are only valid 
within certain dimensional limits.  For instance, Ferroperm 
Piezoceramics A/S provides boundary conditions for a thin 
stress free ring as: 
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where Np is the radial mode frequency constant, OD and ID 
are the outer and inner diameters respectively, in meters, and tc 
is the ceramic ring’s thickness in meters [3]. Alternatively, 
Iula et al. [4] offers the following equation: 
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where Es11  is the elastic compliance under constant electric 
field for the transverse length mode. This method is justified 
for estimating the fundamental resonance mode for thin rings 
(tc << OD).    
 
There exists no lumped-sum equation for dimensions outwith 
the limitations presented previously. The current method for 
finding the resonance frequency is to test the component using 
an impedance analyser or to conduct numerical analysis; 
neither the best option for an optimisation exercise.  One 
would benefit from additional approximation techniques for 
the radial mode frequency of the piezoelectric ring, thus 
allowing for a faster way to achieve maximum efficiency from 
the complementing modes. In order to overcome the 
limitations of the existing radial mode equations, a new 
prediction method was developed, based on resonance 
frequency spectra and electrical impedance graphs for rings 
fabricated from a range of piezoelectric ceramics and sizes.   
  
III. PREDICTION METHOD 
A.  Finite Element Modelling 
The idea behind the optimisation of the motor’s 
performance was to develop a three-dimensional finite 
element model of the stator and analyse its vibrational 
behaviour. The modelling of the stator was broken down into 
three stages. First, the piezoelectric ceramic ring was modelled 
on its own. Then, modelling of an intermediate structure 
consisting of a ceramic and a brass ring was carried out. 
Finally, the entire ceramic and metal composite stator 
structure was modelled altogether. The PzFlex finite element 
software was used extensively at all modelling stages.  
 
In the first stage, the radial vibrations of rings fabricated from 
several types of piezoelectric ceramics and of different 
thicknesses were modelled and analysed. To test the validity 
of the code, an Agilent 4395A impedance analyser was used to 
measure the electric impedance spectra of nine rings in total, 
made of Ferroperm’s Pz21, Pz27 and Pz29 materials, with an 
outer diameter (OD) of 30mm, inner diameter (ID) of 15mm 
and thicknesses (TH) of 1, 5 and 10mm.  The experimental 
frequency spectra were compared with corresponding ones 
computed with the PzFlex software (an example is shown in 
Fig. 2). Very good agreement was seen between the radial 
mode frequencies obtained by the finite element modelling 
and the impedance analyser. The errors varied from 0.22% to 
4.07%, all within the manufacturer’s tolerance of ±10%, 
providing practical validation of the modelling method. 
Afterwards, the radial frequencies for multiple 1mm thick 
rings of Pz21, Pz27 and Pz29 were calculated altering the G-
ratio (the ratio between the inner and outer diameters) from 0 
to 1 in steps of 0.1. 
 
0
5000
10000
15000
20000
25000
30000
33 36 39 42 45 48 51 54 57
Frequency (kHz)
Im
pe
da
nc
e 
(M
ag
ni
tu
de
)
Theoretical
Experimental
 
Fig. 2.  Impedance spectra from PzFlex and the Agilent 4395A impedance 
analyser, for a Pz27 ring of 30 mm OD, 15mm ID and 1 mm TH.  
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When plotting the radial mode frequency versus the G-ratio 
for these rings, the observed trend matched previously 
published data for thin rings, derived with the existing 
analytical radial mode formula. This further validated the 
proposed prediction method, that was then extended to 5mm 
and 10mm thick designs (with the OD fixed at 30mm), for 
which the existing radial mode formulae (2) and (3) are 
invalid. The graphical data obtained from finite elemental 
modelling for the 5mm and 10mm thick rings revealed similar 
trends too (Fig. 3).  
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Fig. 3. G-Ratio plot for a Pz21 ring of 30 mm OD and 10 mm TH. 
 
Best-fit polynomial approximations were then applied on the 
radial mode frequency vs G-ratio plots derived by the finite 
element modelling (Fig. 3). This allowed the use of continuous 
curves for the estimation of the radial frequency for any 
arbitrary G-ratio value. With respect to the measured radial 
frequencies from the impedance analyser, the estimated values 
from the fitted curves showed an error ranging from 0.25% to 
6.19%. Using the existing analytical formulae (2)-(3), the 
percentage errors varied from 66.7% to 201.4%. Thus, this 
method was regarded to provide good approximation of a 
ring’s fundamental radial mode frequency for various 
thicknesses, especially those thicknesses outside the 
limitations of the existing analytical formulae (2)-(3).  
 
The addition of the brass component, in stage two of the 
modelling process, was expected to increase the vibrational 
mass without contributing greatly to the stiffness, thus 
resulting in a lower radial frequency. Moreover, when the 
vibrational mode changes due to the inclusion of the additional 
mass from the metal arms in stage three, the frequency at 
which the impedance has the maximum value is expected to be 
lower, yet still very close to the fundamental radial vibration 
frequency of the ring. In this sense, the frequency of the radial 
mode for the full stator is still used as the working frequency 
for this type of ultrasonic device. In order to verify these 
expectations, impedance plots were measured experimentally 
for manufactured stator prototypes and also estimated 
theoretically in PzFlex. As an example, the computed and 
from the Pz27 ring are shown in Fig. 4. The most prominent 
peak in Fig. 4, at 44.7 kHz, depicts the radial mode frequency 
for the stator and consequently the driving frequency of the 
motor. Due to the discrete location of the arms, a bending 
mode is generated at 48.3 kHz (second peak) and is close to 
that of the radial mode. 
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Fig. 4.  Comparison of PzFlex versus impedance analyser results for a stator 
with a Pz27 ring of 30mm OD, 15 mm ID and 5 mm TH. 
 
Examination of the radial mode frequency predictions by the 
finite element model shows very good agreement with the 
experimental values derived from the impedance analyser 
(errors from 1.26% to 5.67%). Moreover, the bending mode 
frequencies estimated by PzFlex were very close to the 
experimental values (errors from 1.85% to 9.16%). In 
addition, the PzFlex-derived bending mode frequencies were 
in good agreement with the theoretical values calculated with 
(1); the errors in this case varied from 1.20% to 16.33%. Some 
underestimation of the bending mode frequency found with 
the finite element code is attributed to under-meshing in order 
to counterbalance long processing times. On the basis of these 
results, it was concluded that it is valid to use finite element 
modelling to predict both frequency modes of the multi-mode 
stator. It was thus decided to extend the principle of using G-
ratio plots in order to predict the radial frequency for a full 
stator construction. 
 
B.  Mathematical Analysis  
The finite element models provide output files of the arm 
tip displacements along the x-, y- and z-axis versus time. 
These were subsequently imported in MATLAB to calculate 
motor performance in terms of output torque. The arm tip 
displacements are of sinusoidal nature for all axes. Combining 
the x-, y- and z-axis displacement data in one three-
dimensional plot confirms that the movements of the arm tips 
follow an elliptical trajectory.  
 
Displacement plots in MATLAB were used to identify the 
amplitude of the arm tip displacements in the x and z-
directions. These were in turn used to provide an estimate 
value for torque and ultimately the viability of the motor 
design. More precisely, the linear velocity and acceleration in 
the x and z directions can be computed by taking the first and 
second derivatives of the corresponding arm tip displacements. 
The tangential acceleration is a function of both the x- and z-
axis accelerations derived from the stator geometry. For a 
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circular path of motion, the angular acceleration is derived by 
dividing the tangential acceleration with the radius r of the 
circular route. Ultimately, torque is calculated as a product of 
the angular acceleration and the rotor’s moment of inertia, 
assuming a disk-shaped rotor of known mass. 
 
C.  Optimisation  
The initial step in the optimisation of motor performance 
was to establish values for certain fixed dimensions. Since 
work was done on a larger scale than that mentioned in [1], an 
outer diameter of 30mm was chosen for the entire stator and, 
due to the expected size of the rotor shaft, the length of the 
metal arms was set to 10.2mm accordingly. The thickness of 
the brass ring and, consequently, of the metal arms was set to 
1.5mm. Equation (1) was then used to calculate the bending 
mode frequency of the metal arms. Complementary modes 
create maximum displacement at the arm tips along the x-, y- 
and z-directions, thus optimising the motor’s overall 
efficiency. For this reason, the G-ratio graph for the entire 
stator structure is used to estimate an inner diameter for the 
stator’s ceramic ring that is not impractical from a fabrication 
perspective, while at the same time provides a radial mode 
frequency close to the bending frequency of the metal arms. 
Once an acceptable inner diameter is chosen for the ceramic 
ring, the motor is excited at the corresponding radial frequency 
and its performance (in terms of output torque) is theoretically 
evaluated. Subsequently, incremental changes are applied to 
the inner diameter of the ceramic ring, introducing changes to 
the radial (excitation) frequency, and the motor performance is 
then re-evaluated for each case.  
 
IV. RESULTS AND DISCUSSION 
   Plots of the output torque versus the inner diameter of the 
ceramic ring were created to illustrate the performance of the 
alternative motor configurations, for every material at each of 
the designated thicknesses. The plots revealed distinctive 
maxima for output torque, at approximately 8.50-8.75mm 
inner radii (Fig. 5).  
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Fig. 5. Plot of output torque vs inner radius of stators made from rings of Pz27 
(5mm TH), Pz27 (1mm TH) and Pz21 (5mm TH) with a fixed OD of 30mm. 
 
It is worth mentioning that the G-ratios of the ceramic rings 
where the maximum torque values were observed differ, from 
the 0.5 G-ratio used in the original motor configuration [1]. 
Thus, it is evident that the optimisation method proposed in 
this paper offers a useful tool to decrease the amount of 
speculation, improve the design configuration and maximise 
the efficiency of multi-mode motors employing piezoelectric 
ceramic rings of various dimensions. 
 
V. CONCLUSION 
The efficiency of the selected multi-mode ultrasonic motor 
design is maximised when the radial mode of the piezoelectric 
ceramic ring is matched to the bending mode of the metal 
arms. This is very important, as multiple mode coupling can 
lead to catastrophic failure of the operational mechanism. This 
paper proposed a new method, based on finite element 
analysis, to predict the radial mode frequency of piezoceramic 
rings. The method overcomes the dimensional limitations of 
the currently available analytic formulae.  
 
This approach was used, in conjunction with a previously 
reported analytical solution for extraction of the arm bending 
modes, to improve the design of multi-mode motor 
assemblies. Graphs of radial mode frequency versus G-ratio 
for the entire stator structure were employed to provide a good 
prediction for the inner diameter of the stator’s ceramic ring, 
which should provide a radial mode complementary to the 
bending mode of the metal arms. This prediction formed a 
good basis for optimising the motor’s performance. The 
proposed method was shown to provide a useful tool for 
maximising the efficiency of multi-mode motor designs. 
Future work will involve experimental evaluation and 
verification of the theoretical predictions stated in this paper 
with the aid of manufactured motor prototypes.  
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